Abstract. (G, <) is an ordered group if '<' is a total order relation on G in which f < g implies that xf y < xgy for all f, g, x, y ∈ G. We say that (G, <) is centrally ordered if (G, <) is ordered and
Introduction
Let G be a group and < be a total order on G. If, further, f < g in (G, <) implies that xf y < xgy for all x, y ∈ G then we call (G, <) an ordered group (or simply write that G is an ordered group). If < is any partial ordering on a group G and G + = {g ∈ G : g > 1}, then G is an ordered group if and only if G + is a normal subsemigroup of G and g ∈ G + or g −1 ∈ G + for all non-identity elements g ∈ G.
If C is a subset of an ordered group G, then C is said to be convex if c 1 ≤ g ≤ c 2 with c 1 , c 2 ∈ C and g ∈ G imply g ∈ C.
Let C and D be convex subgroups of an ordered group (so convex with respect to some specific order on the group). Then C ⊆ D or D ⊆ C ( [1] , Lemma 3.1.2). Hence if G is an ordered group then for each non-identity element g ∈ G, there is a convex subgroup C g maximal not containing g; viz: the union of all convex subgroups not containing g.
The intersection C * g of all convex subgroups of G containing g is such a convex subgroup. Moreover C g C * g and is called a convex jump. In the terminology of [5] , every ordered group has a series of convex jumps; that is, each g ∈ G \ {1} belongs to a convex jump (namely, C * g \C g ) and the intersection of all the C g (as g ranges over all non-identity elements of G) is just {1}.
If every convex jump is central (i.e., [C * g , G] ⊆ C g for all g ∈ G\{1}), then G is said to be a weakly Abelian ordered group. Our own preference is to call such ordered groups centrally ordered and we will adopt that name here.
Note that if G is centrally ordered, then C g G for all g ∈ G\{1}. Since every convex subgroup C is the intersection of all C g for which g ∈ C, we have that every convex subgroup in a centrally ordered group is normal.
Equivalently, an ordered group G is centrally ordered if f −1 gf ≤ g 2 for all f, g ∈ G with g ∈ G + (see [10] , Section 6.2); aliter, [f, g] |f |, |g|, where |h| = max {h, h −1 }, [f, g] = f −1 g −1 f g and we write x y for x n ≤ y for all integers n (see [1] , Lemma 6.4.1 or [12] ). Thus we have the crucial property that in any centrally ordered group G, the centre of G contains all elements g ∈ G with C g = {1}.
A subgroup that is convex in some order on an orderable group G is called relatively convex in G. The union and intersection of a chain of relatively convex subgroups of an orderable group are always relatively convex ( [7] , or see [13] , Theorem 1.4.5 or [8] , Chapter II Section 3 Proposition 1).
The lower central series of an orderable group can often be used to obtain a central order on the group. We illustrate this technique:
If V is a vector space over the rationals, let {b i : i ∈ I} be a basis for V . Totally order I and define i∈I q i b i > 0 if q i 0 > 0 (in Q) where i 0 = min{i ∈ I : q i = 0}. Since every Abelian torsion-free group is a subgroup of a rational vector space, all torsion-free Abelian groups are orderable. If G is a group in which each Abelian group γ k (G)/γ k+1 (G) is torsion-free and
The factors γ k (G)/γ k+1 (G) need not be torsion-free for a general torsion-free nilpotent group G. However such groups always possess a torsion-free central series, for example the upper central series ζ k (G) which is defined in the next section. Following the above procedure with the new central series replacing the lower central series γ k (G), we see that every torsion-free nilpotent group has a central order. In fact every order on every torsion-free locally nilpotent group is central (see [1] , Theorem 6.D or [10] , Section 6.2 or [18] or [15] ). It is thus natural to ask if the converse is true for some well known large classes of groups such as locally soluble orderable groups or finitely generated orderable groups.
This leads to the following questions:
(1) If every order on a finitely generated orderable group G is central, then is G soluble?
(2) If every order on every subgroup of a finitely generated orderable group G is central, then is G nilpotent? (3) If every order on every subgroup of a locally soluble orderable group G is central, then is G locally nilpotent? (4) If every order on a finitely generated soluble orderable group is central, then is G nilpotent?
We will provide the first step towards answering these problems in the following three theorems. We will show that if every order on every two generator subgroup of a locally soluble orderable group G is central, then G is locally nilpotent; but that there is a two-generator non-nilpotent metabelian orderable group in which all orders are central (so the answers to (3) is "yes" and the answer to (4) is "no").
Our main results are as follows: The group of formal power series under substitution provides an example of a residually torsion-free nilpotent group G that contains a free group of rank two and Kopytov has shown it has the property that every partial order on G can be extended to a total order on G. It can be shown that G also has the property that every order on G is central. The group is denoted by G(Q) in Johnson [6] and by F s (K) in Kopytov [9] where details are provided. This group is not finitely generated and does not provide an answer to question (1) nor (2).
Definitions and background
As is standard we have written γ n (G) for the n th term in the lower central series of G; i.e., γ 1 (G) = G and γ n (G) is the normal subgroup generated by all commutators
We use G to denote the derived subgroup [G, G] and ζ(G) to denote the centre of G. We inductively define ζ k+1 (G) to be that subgroup of
If G is a torsion-free nilpotent group, then each ζ k+1 (G)/ζ k (G) is a torsion-free Abelian group (see [4] ) and so can be ordered. Using this upper central series we see that every torsion-free nilpotent group is orderable.
We will use the following standard shorthand (see, e.g., [3] ): We will write G for the class of all finitely generated groups, G 2 for the class of all two-generator groups, A for the class of all Abelian groups, F for the class of finite groups, F p for the class of finite p-groups (each group has size a power of the prime p), N for the class of all nilpotent groups, N m for the class of all nilpotent class m groups, PA for the class of all soluble (polyabelian) groups, C for the class of orderable groups in which every order is central, and C 2 for the class of orderable groups in which every order on every two-generator subgroup is central.
Let X and Y be classes of groups (closed under isomorphisms). We will write G ∈ XY if there is a normal subgroup N of G such that N ∈ X and G/N ∈ Y and say that G is an X-by-Y group. If X and Y denote varieties of groups, then XY is just the product variety.
We say that a group G is locally X (LX) if every finitely generated subgroup of G belongs to X. We say that a group G is residually X (RX) if there is a family {N i : i ∈ I} of normal subgroups of G such that each G/N i ∈ X and i∈I N i = {1}.
Since "orderability" is a local condition ( [14] or [1] , Lemma 2.2.1 or [13] , Theorem 3.1.2), locally torsion-free nilpotent groups are orderable as are residually torsion-free nilpotent groups (and have central orders).
With this notation, our first two theorems can be easily restated:
By the equivalent condition, every order on every subgroup of an orderable group is central if every order on every two-generator subgroup of an orderable group is; i.e., C 2 ⊆ C. In fact, we will show that this containment is strict.
For a subgroup H of a group G, the isolator of H is the subgroup of G generated by all g ∈ G for which there is a positive integer n such that g n ∈ H. If H G, then the isolator of H is also normal in G. If we define H 0 = H and H n+1 to be the isolator of H n , then
Note that H G implies that H G and G/H is torsion-free. Also observe that relatively convex subgroups are isolated. In contrast to Lemma 2.3, it is unknown for finitely generated Abelian-by-nilpotent groups if every partial order of the type described in Lemma 2.3 can be lifted to a total order (compatible with the group operations).
We will need two lemmata from group theory (see [17] or the references below): Lemma 2.4. (i) (see [11] ) Any finitely generated nilpotent group satisfies the maximal condition on normal subgroups. In particular, every normal subgroup is defined by a finite set of relations.
(ii) (see [3] ) Every finitely generated Abelian-by-nilpotent group satisfies the maximal condition on normal subgroups. Lemma 2.5. (see [2] ) Torsion-free nilpotent groups are residually finite p-groups for all primes p. (1)
Proofs

Proof of Theorem
It follows from (1) The defining relation for G is equivalent to the relation
We can rewrite this in either of the forms
the latter being most convenient for calculations in the lower central series of G. We wish to prove that G is a residually torsion-free nilpotent group (whence G is orderable). To establish this it is enough to show that each γ k (G)/γ k+1 (G) is a free Abelian group and that k γ k (G) = {1}. 
We claim that these elements are free generators of the Abelian group γ k+2 (G)/γ k+3 (G); i.e., each γ k+2 (G)/γ k+3 (G) is the free Abelian group on these two generators if k > 0, and on c if k = 0 (which is obvious). So assume that k > 0, but
where 
for some polynomial f 3 (a, b, a −1 , b −1 ) in the variables a, b, a −1 , b −1 . Conjugate both sides by suitable powers of a and b to eliminate all negative powers of a and b and obtain the equivalent relation
By (1) we get
where every monomial appearing in f 6 has strictly positive degree;
) and the monomials of f 8 have degree at most k − 3, f 9 is a homogeneous polynomial of degree k − 2 and every monomial of f 10 has degree exceeding k − 2. So we have
By comparing the homogeneous components of every degree we get that f 8 = 0 and
But the last equality is impossible because the first and the second monomials are divisible by (a − 1) k−1 and ((a − 1) 2 + (b − 1) 2 )f 9 is not. This is the desired contradiction. Consequently, γ k+2 (G)/γ k+3 (G) is the free two-generator Abelian group for each k > 0 and has rank 1 for k = 0. But f (a, b) or af (a, b) by 
This completes the proof that G is a residually torsion-free nilpotent group; so G is orderable.
With our previous notation, we may choose
Therefore [f ,ḡ] n ≥f , the desired contradiction. Consequently, every convex jump is central. As observed, the subgroup a, c of our example is isomorphic to Z Z and so has a non-central order as we now show:
Lemma 3.1. The wreath product Z Z has a non-central order.
Proof: Write an arbitrary element of the (restricted) wreath product uniquely in the form (f , n) where f : Z → Z is any function with supp(f ) = {k ∈ Z : f (k) = 0} finite. Define such a non-identity element to exceed 1 iff n > 0 or (f ( ) > 0 = n) where is the least element of supp(f). This order is clearly non-central as all powers of any (f , 0) > 1 are less than its conjugate by (0, 1).
By Lemma 3.1 and Theorem A we get that C = C 2 .
Proof of Theorem B:
Let G ∈ NA ∩ G ∩ C. Assume that G is not nilpotent.
(1) We first show that since G is not nilpotent, there is a relatively convex normal subgroup N that is maximal such that the quotient G/N is not nilpotent.
Let {K i : i ∈ I} be a chain of relatively convex normal subgroups
Thus, by Zorn's Lemma, there is a relatively convex normal subgroup N that is maximal such that the quotient G/N is not nilpotent. Now every order on G/N lifts to G in the natural way (and G/N ∈ NA ∩ G). Hence G/N satisfies all the hypotheses of the theorem and is not nilpotent. By replacing G by G/N (if necessary), we may assume that if M = {1} is any relatively convex normal subgroup of G then G/M is nilpotent.
(2) By Lemma 2.1, the centre ζ(G) of an orderable group G is relatively convex. By (1), G/ζ(G) is nilpotent if ζ(G) = {1} (whence G is  nilpotent) . We may therefore assume that ζ(G) = {1}.
Since G is not nilpotent, there is a non-identity element g ∈ γ k (G). Fix an order on G and let C g be the convex subgroup maximal with respect to not containing g.
Therefore γ k+ (G) ⊆ C g for some positive integer . Since convex subgroups are isolated, we get 
Hence B p is an Abelian normal subgroup of G containing A, and so equals A by maximality. Thus A = i∈I p AG i,p whence G/A is a residually finite p-group for each prime p. By [16] , G/A is an orderable group. Let be such an order. Consequently, G becomes an ordered group if we define g > 1 if gA A or g ∈ A + in some original order. Therefore A is a relatively convex subgroup of G. By (1), G/A is nilpotent; hence G ∈ AN (even as an ordered group) and is not nilpotent.
(5) Let N be a normal nilpotent subgroup of G maximal such that G/N is Abelian. Such a subgroup N exists since G is nilpotent and G/G is a finitely generated Abelian group and hence satisfies the maximal condition for subgroups. As in (4), since G is a residually finite p-group, there is a set of normal subgroups Since N is nilpotent, so is B p N . Since G/(B p N ) is Abelian, we have B p ⊆ N by the choice of N (as a maximal such nilpotent normal subgroup of G). Thus B p ⊆ ζ(N ) = V , whence equality. That is, V = i∈Ip V G i,p whence G/V is a residually finite p-group. Since this holds for each prime p, we deduce that G/V is orderable.
Thus V is a normal Abelian relatively convex subgroup of G that is centralized by N ⊇ G . By (1) (2)). By Lemma 2.1, C is isolated; and C ⊇ N since V = ζ(N ). Hence T = G/C is a non-trivial finitely generated torsion-free Abelian group, whence T is orderable. The metabelian group J = V T (with T acting on V in the same way as G/C) is well defined since conjugation by any element g ∈ G is the same as by any element of gC. Moreover, J is orderable by taking any G-order on V and extending this by any order on T .
If J had a non-central order, say ≺, there are z ∈ V , and t ∈ T with 1 ≺ z ≺ [z, t]. Thus we have a partial order with z and [z, t]z −1 both positive. This order can be extended to a partial order on J with positive cone P where V ⊆ P ∪ P −1 , using Lemma 2.3. Use this order on V and any order on G/V to obtain a total order on G. This is possible since any J-order on V is also a G-order on V . Since this order on G is not central, we have a contradiction. Thus we conclude that every order on J is central. Furthermore, J is not nilpotent (otherwise contradicting (2) ). We may therefore assume that G is metabelian.
(6) Now let G be a locally soluble group in which every two-generator subgroup is a C-group. In order to show that G is locally nilpotent, it suffices to assume that it is a finitely generated soluble group and prove that it is nilpotent. We may assume, by induction on solubility length, that G ∈ NA. By (1) - (5), we may further assume that G is metabelian.
As a finitely generated metabelian orderable group, G has a normal Abelian subgroup A such that G/A is torsion-free Abelian. Since G satisfies the maximal condition for normal subgroups, A is finitely generated as a G-subgroup. In other words, A = X G for some finite set X ⊂ A. If x, g were nilpotent for every x ∈ X and every g ∈ G, then A would be finitely generated since G/A is a finitely generated Abelian group. This would imply that A is contained in the hypercentre of G whence G is nilpotent. Therefore, to complete the proof of Theorem B it suffices to assume that G = a, t , A = a G is Abelian, and show that G is nilpotent.
(7) Now G = a G t and A, viewed as a t -module has the form Z[t, t −1 ]/I(t), where I(t) is the ideal generated by the minimal polynomial (if any) in t that annhilates a and is {0} if no such polynomial exists.
If I(t) were non-trivial, then and hence at n ∈ R, the isolator of R in G. In the same way we see that at m ∈ R for all m ≥ n. Similarly, from n i=0 c i t i−n ∈ I(t)
we get at −m ∈ R for all m ≥ 1. Hence A = R and the rank of A (and therefore the rank of G) is finite. Since G is residually torsionfree nilpotent, the rank of A ∩ γ k (G) decreases as k increases. Since γ 2 (G) = [A, t ] = A ∩ γ 2 (G), it follows that γ k (G) = 1 for all k greater than the rank of G. Consequently, G is nilpotent. Thus we may assume that I(t) is trivial. In this case G is isomorphic to a t . By Lemma 3.1, G has an order that is not central. This contradiction completes the proof of the theorem.
The proof we have just given for Theorem B establishes that: Proof of Theorem C: Let G be an orderable linear group in which every order on every two-generator subgroup of G is central. Let H be a finitely generated subgroup of G. By Tits' Dichotomy [19] , H is either soluble-by-finite or has a subgroup that is a free group of rank two. But the free group F =< x, y > on two generators has orders on it that are not central:
Consider W = a t with a non-central order on it by Lemma 3.1. Let P be the set of positive elements of such an order on W . The map x → a, y → t can be extended to a homomorphism φ from F onto W . Let K = ker(φ). Then K is a relatively convex subgroup of F since W is orderable. Thus there is an order on K that is F -invariant. We extend this order to a total order on F by letting an element g ∈ F \ K be positive if φ(g) ∈ P . This order on F is not central since the order on W is not central.
Hence H ∈ (PA)F, whence by Corollary 3.2, it is nilpotent.
